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The CES production function with

its estimation techniques
by Chomphoét Suvaphorn

The pioneer work of Arrow, Chenery, Minlas and Solow (1961)
stimulated nany econonists to work in the field of .p¥oduction functions
both empirically and Eheoretically. The writer believes that the CES

P

{constant elasticity of substitution) produétion fﬁnéti&n prdﬁides an

ideal point of departure for Thai students who wish td gain,an'insigh; -

e

into this area of work. The study of the CES”productioh function world
facilitate undérstanding of later developments in the forn of nore ‘
generai'prodﬁctidn relationships such as the VES (variable elasticity

of substitution) and translogarithuic production functions.

Production Function

‘It”ié &ifficult to deny Saumelson's assertion:

vy

'Until the laws of thermodynamics are repealed i shall continue ...

to relate outputs to inputs,' (11} That is, the quantity of output is
necessarily constrained by the-available supplles of capital and labor,

a relationship which can simply be written as:-

-~y

LY



v = F(K,L)

where V is the output, K and L are the amounts at capital
:éné‘labor respectively; This functional relation-
ship embodies certain inherent difficulties. Firstly,
the use of an aggregate production function is the
subject of much controveray. Further, K and L are

" gometimes interpreted as stocks and sometimes as

flows of chpital and labor services.“ifﬁf’”

The Elasticity of Substitution

The concept of substitution has been utilized by the neo-
classical ecoygmisps as a basis of both production and distribution-
theories. Although an interest in the elasticity of substitution existed
even prior to the introduction of the CES:production function by -Arrow,
Chenery, Minlas and Solow (ACMS), it was only after the CES production
function was introduced that a wave of literature involving the elasti-
city of substitution occurred. Prior to that théitwo most cdﬁmon'pro-
duction functions are the Cobb-Douglas and the Fixed-coefficlents
('Leontief') production functions. The former agsumed & priori unitary
elaséicitj ogzsubséiéution while the lattgf‘assupedqg priori zero elas-
fiéitf of s&béﬁitutiou. The CES pfodqction_fqnqtianig, thgrefore, a
. gene;al f;;ction fepresénting a fami}y of p;oduc;ion functipons in which
the elasticity of substitution is an unspecified constant. Moreover,
the Cobb-Douglas and the fixed coefficient production functions appeared

as special cases of the CES function (1).



The elasticity of substitution concept was ‘first developed
by J. R Hicks (6). It measures the degree to which the substitutabi—
lity of one factor for another varies as the proportion between the
faotorszaries.

| The elasticity of substitution ‘also shows how rapidlfnoioi-

nishing returns to one factor input set in when its price falls relative

to the other factor price.

If the function is: -

vV = F(K,L)

then the elasticity of substitution can be written symbo-

l1caily as:
L/K d(X/L)

S } L
RS dMRS

Thus the éié;ﬁi;ify ;f substitution 1s the proportional change in the
relative factor 1nﬁL; to a proportional change in the'marginal rate of
substitution (MRS) between labor and copital (or proportional change
in the relafive factor prico ratio).

~5The Mmszogzlobor for capital is the ratio of the marginal
product of labor to the marginal product of :capital. We can w*::l.t:e‘.i"t?"..;.E

:as follows.
MRS = 2%/24,;

The elasticity of substitution is independent of the units of measure+!

i

ment of the labor and capital inputs. (6).



There 'are at least'%our important areas inm which the elasti-

' ‘city of -substitution plays:a significant role. These areas are as

“foliows:

1. The stability or instability of certain growth paths

implied by some models, for example the Harrod-Domar model, depends on

' the value of the elasticity of substitution.

2. The effects of varying factor endowments on the pattern

of trade and relative factor prices depends heavily on the nature of
variation in the e%ag;icity of substitution between factors among
different industries.

3. ACMS restéfe the traditional imbbftance of the elasticity

i

of substitution for relative shares over time
4, Kn;;iedge of fhe values of the elasticity of substitution

in the industrial and agricultural sectors (indual economies) can be

useful fof'pblicy makers in maniplilating? market signals to ensure

gteéter labor ébsorption.”""" ‘ ; o e

Thus the conceﬁt of the elastiéity of substitution is of con-
gilderable importance in‘questions‘of policy determination. The impli-

cations are clear when we consider ‘the impact of factor price varia-

‘tions. As the elasticify of substitution approaches 0 it is increasingly

difficult to substitute one factor for another. Consequently, labor
cost variations(but for the case of a homogeneous labor force) will not
necessarily attract new firms to the locality with the lowest wage rate.

Here the calculation'ﬁill neéessitaté an overhil'ﬁiew of the cost of



the remaining factors of production. This is particularly true in the
avea with high unemployment (rural on urban) (where wage variatioms
occur? Cépital appears to be more acarce and consequently more expen-

give due to the greater risk involved.

Then, variation among indus;ries of the elasticity of substi-
tution can lead to substantial changes in relative facéor proportions
as the price of labor rises in comparison to the price ?f:capital.
These changes in turn affect reiative priceé; regionél tfédé,'énd'the
sectoral distribution of employment. All of these are important in

planning for future growth.

Derivation of the CES production function

From the neoclassical assumption of linearly homogeneous

production functions, we derive the following form:

y = f(x)
vhere y = %3 x = K/L, V= F(L) Since
o = SETC)-[f(x)-x £7(x)] ,
x £(x) £"(x) &
= dy.u
dw ¥
or vy = a uFi - (a = a constant)

By using the logarithmic transformation, we obtain

logy = loga+ b log(y-x %ﬁ), (f'(x) > gﬁ)

Ny



1 1 dx
.+ -1/b 1/b dy.
y a (y-x clx)
Y.1/b L dy
(a) b X dx

-1
- Y, 1 eeyfT v
y p 1 - af-)

Transforﬁiﬁg the above equation to the logarithmic form by

integration we obtain:

log x = 1ogy—51-log (l-ayp)+£-log8

when B is any constant. The functional form of this iogarithmic

function 1is:

P
° = I8
1-0typ

y = x[g+ax o
1
o)

= (g +:.a)

. 1
v = LEE LtP+a)



1
or ‘v = ((BEKP 4+

This last equatinn is the famous CES production function.

‘The CES production function

v = A[SKP+Q-s)yLPY

Y

W

" oje

where A is an efficiency parameter which changes output for given quan-

tities of input? §(0 <6< 1)is a distribution parameter which ‘

deternines the division of factor inzome. p 1s a substitution parameter

and 1t 15" related to the elasticity of substitution parameter as follows:

...J..-'...-— i<pf—u

1+p 7 -

gince 0 <90 <~ dnd M is the aegree of homageneity parameter.

’ 2 MY -
such that when u > 1 there exists ircreasing retumms to scale. I1f we
take the logarithmic transfofmatidn'df (1) we obtain.

log V = loga- L loglsk ®+@-9 1?1 @
P

V‘Eqﬁation (2) is not linear. Thus, in order to estimate the
parameters it is necesszry .to use a nonlinear least squares method.
An alternative method of estimation, based on linear least-squares esti-~

mation was recently suggested by Kmenta (10). Thus one cam expend

log (s °° +(1—-6)L )'

by Taylorfp_series‘a;qupd_p = 0 and disreggrd terms of third and higher

orders, so that equation {2; becomes:



log V = logA+ yuslogK+ y(1-§) log L -'%pué (1-58)

[log K - log L]2 + e {3)

(Perhaps, it should be mentiomed that the first 3 terms are In fact
the Cobb-Douglas f!' and the term --%puﬁ veve.. 18 a correction forp # 0)
from which, in contrast to (2), it is possible to compute estimates of A,

¥ ,6 and p by linear 1east—squares'regression.

Estimation techniques

- Method T (ACMS's technique)

The elasticity of substitution parameter - can be estimated
quite casily If we assume competitive markets and constant returns to

scale, i.e., ¥ = 1,
Under these assumptions Equation (1) can be reduced to

log% = A+Db log w+ log e (_{»)

where the coefficient b = I%- = 0 and the intercept
o ]

A = E%E (log [AP (1-6 )'l}),“ Equation (4) is linear.

Thus by simply regressing the logarithmic transformé%ibﬁ‘of'oufﬁht‘per
. employee, 1og-%, on the logarithmic transformation of the real wage
per unit flabor, logw , we can obtain directly the eiésticityldf-éub—

stitution parameter as the coefficient b.

A test of the two fundamental assumptions underlying this

model - constant returns to scale and perfect competition can be



conducted by simply testing an alternative relationship:
log-!"=' A, + b, logxr + log e (5)
K 1 1

where 1log g is the logarithmic transformation of output per unit of
capital and log r 1s the logarithmic transformation of the rental of
' 1

= ¢ and the intercept A2 = Yo

capital. The coefficient b1 = ey

1
1+p
(log [Ap5 ]-1). Equation (5) is linear; thus we can obtain the elas-

ticity of substitution as the coefficient b, by ordinary least-squares

1
regression.
1f the perfect competition and constant returns to gcale

assumptions are correct then .b‘ = bl . (2)

It 1s interesting to compare the value of the eiasticity of
. substitution under the assumption of constant returns to scale estimated
from Equations (4) and (5) with the alternative method in which the scale

parameter is free to vary.

Model 11 (A Two - step technique)

It is possible to estimate the parameters ofighe CES ptodﬁc-
- tion function by a two-step estimating technique. Moreover, the tﬁé-

step procedure avoids the non-linear estimation problem of Equation (2).

From equation (1) the marginal productivities of capital and

labor are respectively:

v

X -—(]:)L +1) (6)

aps (P D5 P + (1-6) L ?
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and v

By 25+
oL

. Y 4+ - - .
= Ay -6 1D (P4 (-1 )

If we assume competitive markets and profit-maximizing behaviours,
then, for each input the value of the marginal product shoﬁld be equal to

the price of the input. Thus, Equation (6) and (7) are equal also to the

price of capital, r, and the wage rate, W, respectively.

Therefore, the reduced form of the ratio of Equations (6) and

(7) can be rewritten as:

which 1is linear in its logarithmic transformation

lo.g%) = log (—1—?-—5) - (p +1) J,qg -IE-H-F log e . (8)

Thus we can estimate the parameter § from the intercept, log (—jLQ,
L - i
and p from the coefficient (p +1} by the least-squares method, The elas-

ticity of substitution parameter, g , can now be calculated easily sincep ,

as pointed out above, relates to the elasticity of substitution parameter

1

as follqws: o = i:? .

Now it is simply a matter of using Equation (2) since the para-

meters -p and § mere already -estimated from Equation (8) as: § and p

-~ ~

logV = lopA- Llog [6K P+ (1-0)L"" ] + log e (9)
P

The term in-the brackets can be calculated first and a subsequent least-
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., . Squares regression will giue us an oetimatse of the hewogenelty parameter,

u , from the coefficient X , so that U = X |
; b p

Thus, in utilizing the two-step technique, the CES produttinn

function becomes linear and the two ‘parameters-geturns to scale, M, and the

elasticity of substitution, » can be estimated.

Model II1I (Dhrymes' technique)

In addition to the above techniques we will utilize another
aéproach. Prof. Dhrymes suggests some extensions and tests for the éES
cI;se ef production functions (3). He teste the assumptions of perfect
competition in both the product and factor markets and the aﬂsuﬂption Of
homogeneity of degree one, which are generally assumed in the development

of the CES ptddﬁction function in the original work by ACMS (2).

Dhrymes has shown. that a warlant of the CES functien can be |
written as follows:
w= AVP LY | (10)

bl E
under the constraint that,

- PRI
R PR
I -

Yy = pwp =1

ol .

*
so that we can obtain the following estimatoxs for o0 (#fo) andy, 1i.e.,

- S~ 1 1. n . My
p 1-8, ¢ i-p =8 is

where B and yare the least-squares estimators of 3 and u, respectively,

obtain from the logarithmic transformation of Equatiocn (10).
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log w. = log A+8 logV+ yloglL = e ()

RN RS

Herey 1is an estimator of the homogeneity parameter and - %-n ¢ 1s the
elasticity of substitution parameter. However, Dhrymes suggeéts that it
seems preferable to derive an estimator for the elasticity of subaiitﬁiion

parameter by using the regression,

log L = - % log A +$— Jog w .~ %— logV .. (12)

Since "L, and V are jointly dependenf‘vériables the regression will sim-
ply yield the esomditional expectation of L given as and V", ;(3).$ The
coefficient of the first indepegdent variabla & will thué'&iiéctly give us

the, elasticity of substitutidn parameter.’

el phrymes accepts thét'hfé”té;ﬁnidué is "ﬁot a very';igprous statis-
tical techniqué“, but there aré;at léasé;three Qgésons ﬁh&lqﬁia.techﬁique
is appropriate..  First, it is an additional tést which céﬁfbéaﬁsed to
compare with other techniques. Secondly, Dhrymes' techniﬂhzydoes hot
require capital data which 1s known to’bé éuite inadequate in most coun~-

tries and finally, the additional computation reqﬁ&red.byrtﬁis techniqué

is minimal compared with the possible gain which right be derived from it,
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